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1. Integer and its inverses modulo n

X4 Let n > 3 be an integer and 0 < a < n be an integer with (a,n) = 1.
We know that there is an unique integer b with 1 < b < n such that ab =1
(mod n). Integer b, denoted by @, is called the inverse of a modulo n.

W« A variety of distribution properties of integers and their inverses
modulo n were studied by many authors.
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1. Integer and its inverses modulo n

Professor Zhang was the first person to explicitly study the difference of an
integer and its inverse mod n.

Theorem 1.1. Wenpeng Zhang, 1995.

For any fixed integer k > 1

/ n an 4k+1
2 (e-a* = (2kﬁ(1§(k: Tyt (40" () )

/

here Z denotes the summation over a from 1 to n with (a,n) =1, ¢(n)
a=1

is the Euler function and d(n) is the divisor function. O

v
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1. Integer and its inverses modulo n

In fact, for any positive integer ¢ with (¢,n) = 1), let

M(n,k,c) ZZ a—b

a=1 b=1
ab=c mod n

Zhang's method gave a same asymptotic formula for M (n, k, ¢):

n)n2 k41
M(n,k,c) = (21{:(—?—(1;(1@—%1)4_0( 4k d*(n )ann). (1.1)

In 2003, Zhang defined

and studied the mean square value of the error term E(c, n).
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1. Integer and its inverses modulo n

Zhang's following result showed the fact that the error term in (1.1) is the
best possible:

Theorem 1.2. Wenpeng Zhang, 2003.

For any integer n > 2, there holds

iy (gﬂgl)l — i 4lnn

E2 _ 3 3 p(p?+1) pai 0] )
; (¢,n) = »°(n 1_”[ 41 +—§ + n® exp o
= pn

® Especially, if n = p is an odd prime,

41
ZE2cp —p + O | n®exp =i .
Inlnp
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1. Integer and its inverses modulo n

In 1994, Professor Andrew Granville asked Zhang wether there is a
distribution function for |a — @|. For any constant 0 < 6 < 1, Zhang
defined

S(n,0)=4#{a:1<a<mn,(a,n)=1,la—al <on}.

Theorem 1.3. Wenpeng Zhang, 1996.

There holds an asymptotic formula for S(n,d) as follows:

S(n,8) = 6(2 — 8)é(n) + O (n%dQ(n) In’ n) :
& This asymptotic formula yields, for any positive real number
0<0<1

hm#{a 1<a<mn,(a,n)=1,la a|_5n}:

52— 0).

¢(n)
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1. Integer and its inverses modulo n

Mizan R. Khan and |. E. Shparlinski, 2003.

Y They defined the maximal difference between an integer and its

inverse
M(n) =max{|la—a|:1<a<n,(a,n) =1},

and proved

for any € > 0. Ol
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2. D. H. Lehmer problem

Let n > 2 be an odd integer and ¢ be an integer coprime to n. For each
integer a with 1 < b < n, there is a unique integer b with 1 < ¢ < n such
that ab = ¢ (mod n). Let M(c,n) denote the number of solutions of the
congruence equation ab = ¢ mod n with 1 < a, b < n such that a, b are of
opposite parity. D. H. Lehmer posed the problem to find N(1,p) or at
least to say something non-trivial about it, see problem F12 of Guy’'s book
"Unsolved problems in number theory”. About the D. H. Lehmer problem,
Wenpeng Zhang proved:

Theorem 2.1. Wenpeng Zhang, 1992.

For any odd prime p, there holds

1
M(1,p) = 5p+0O (p% lnzp)

and
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2. D. H. Lehmer problem

Theorem 2.2. Wenpeng Zhang, 1994.
For any odd integer n > 2, there holds

M(1,n) = @ +0 (n%dQ(n) In? n) .

Ol

Let E(c,n) = M(c,n) — (") , the following result illustrate that the
estimate for E(c,n) in Theorem 2.1 and Theorem 2.2 are the best possible:

Theorem 2.3. Wenpeng Zhang, Zongben Xu and Yuan Yi, 2003.
For any odd integer n > 2, there holds

" ta 451)3 —a—t 41
E2 2 0% p(p +1) p o ' .
022:1 (e,n) = qZ) H + + + O | nexp nlnn

pn
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2. D. H. Lehmer problem

Denote by M1 (a,p) the number of pairs of integers b, ¢ with bc = a(
2

mod p), 1 <b,c< % and with b, ¢ having different parity. The methods
of Theorem 2.1 give also the formula:

1
My(Lp)=gp-1)+0 (p% ln2p) :
For any fixed positive integer a with (a,p) =1, let

(1,p) — 1(p— 1).

E 1 3

(a,p) =M

1
2

Zhefeng Xu and Wenpeng Zhang studied the mean value of E1(a,p) and
2
obtained the following results:
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2. D. H. Lehmer problem

Theorem 2.4. Zhefeng Xu and Wenpeng Zhang, 2006.

Y For any odd prime p, there holds

p—1 9
; E}(a,p) = o7° + 0 (p'*),

Zhefeng Xu (Northwest University) Integer and its m-th power mod n Oct. 13, 2015 12 / 46



2. D. H. Lehmer problem

Theorem 2.5. Zhefeng Xu and Wenpeng Zhang, 2008.

Let p be an odd prime and s be an integer with 0 < s < L%D' Then we
have the asymptotic formulae

ZZEZladp p 2+ 0(ptte),

a<h d<®
> ) E(8ad,p) = p 2+ 0(p't),
a<pd<p

3 1+e
ZZE 16ad,p) = p +O0(p ™)
a<pd<p

and
> Y E(2%ad,p) = 0,(p'*) if s+#2,3,4.

P P
a<yg d<j

Oct. 13, 2015
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2. D. H. Lehmer problem

From the method of proving Theorem 2.5, one know the main term of the

mean value
> > E(2%ad,p)

b P
a<Z d<Z

is zero when s # 2,3,4. That is to say, the factors 4,8,16 in Theorem 2.5
are necessary. Otherwise, the main term can't be obtained by the method
in the proof Theorem 2.5.

Y4 For D. H. Lehmer problem over shorter interval, define

N p—1

M(N,c;p) = ZZ 1,

a=1 b=1
ab=c mod p

2t(a+Db)

where NN is a positive integer with N <p —1.
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2. D. H. Lehmer problem

In 1993, Zhiyong Zheng proved that
1

M(N,c;p) = 5]\7—{—0 (p% 1n2p) .

Denote

1
E(chap) :M(chvp)7§N7

Yaming Lu and Yuan Yi studied the mean square value of E(N,¢;p).

Theorem 2.6 Yaming Lu and Yuan Yi, 2011.
For any positive integer N < p — 1, there holds

p—1 1 4 00 1 k 1

> E’(N,c;p) =+ > > N

2 (N, p) <4+94(3) = (2k+1)2a:02a+1>p
+0 (panN 4F N2p€) .

Oct. 13, 2015 15 / 46
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2. D. H. Lehmer problem

¥4 It is clear that Theorem 2.6 is nontrivial if p¢ < N < p'~¢, thus it is
not a generalization of Theorem 2.3 when n = p.

Y« Many scholars generalized the D. H. Lehmer problem from other
directions.

& In 2001, C. Cobeli and A. Zaharescu generalized the Lehmer
problem to a more general irreducible curve defined mod p and instead of
the parity conditions on the coordinates by some more general congruence
conditions.

& In 2009 and 2011, Yaming Lu, Ping Xi and Yuan Yi generalized the
condition 2 { a + b to the condition k1 (a + b) and (a + b, k) = [ for any
positive integer k and [ with [|k.
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2. D. H. Lehmer problem

& In 2006, E. Alkan, F. Stan and A. Zaharescu generalized the
classical Lehmer problem to high-dimensional Lehmer problem and studied
the distribution of the so-called Lehmer-k tuples.

& In 2009, I. E. Shparlinski improved the results of E. Alkan etc., and
studied the distribution of the Lehmer-k tuples in more general boxes.

& In 2013, Zhefeng Xu and Tianping Zhang studied the
high-dimensional D. H. Lehmer problem over incomplete intervals.
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2. D. H. Lehmer problem

Let k be a positive integer and n a nonnegative integer,
0 <A1, -+, Ag+1 < 1 be real numbers and w = (A1, A, - -+, A\py1). Let

1
q> max{ [)\} 1 <i<k+ 1} be a positive integer, and a an integer

i
coprime to ¢. A natural problem is to calculate the number of (by,-- -, bg)
with by -+ bgc =a (mod q), 1 <b; < Nig(i=1,--- k), 1 < e < Ay1q
and 21 (b1 + - - - + bg + ¢). Define

[)\NI] )\kq )‘k+1q

N(a,k,w,q,n Z Z Z by — )P

bi=1  bp=1 c=1
bi--bgc=a( mod q)
24(b1+-+bg+c)

Oct. 13, 2015
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2. D. H. Lehmer problem

By using the properties of trigonometric sum and the estimates of
n-dimensional Kloosterman sum, they proved an asymptotic formula for
N(a,k,w,q,n) as follows:

Theorem 2.7. Zhefeng Xu and Tianping Zhang, 2013.

For a, k,w, q,n defined as above, there holds

N(a, k, w,q,n) = C(k, w,n)¢" (@)g?" + O (474 g2 V=5 a?(g) In? ),

where —
PYRDVALLE DY .
( , W, n) — )\2n+2+)\2n 27(>\17)\2)2n+2 .
AT 2n ) , k=1
and ak=%<1—(—l)[%]>. O
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2. D. H. Lehmer problem

By using the properties of trigonometric sum and the estimates of
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N(a,k,w,q,n) as follows:

Theorem 2.7. Zhefeng Xu and Tianping Zhang, 2013.

For a, k,w, q,n defined as above, there holds

N(a, k, w,q,n) = C(k, w,n)¢" (@)g?" + O (474 g2 V=5 a?(g) In? ),

where o
e itk > 2
C(k,w,n) = )\%n+2+)\gn 27()\17)\2)211-‘—2 i
A(ni1)(2nt1) , k=1
and ak=%<1—(—l)[%]>. O
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2. D. H. Lehmer problem

Taking n=0and w=1/2= (3,3, -+ ,3) in Theorem 2.7, we can get
the following result about the high-dimensional D. H. Lehmer problem
over half intervals:

Corollary 2.8.

For any nonnegative integer n,

N(a,k,1/2,q,0) = il )+o( ’f—%cﬂ(q)lnq).

9k+2

O]

v

Y« By using the method of character sums and the properties of
Dirichlet L-functions, the power of g in the error term in Corollary 2.8 can
be improved from k — % to % in the case 21 q. Let Ni(a,k,q) denotes

2

N(aakawuq70) for the case w = (%7%7 ’%)
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2. D. H. Lehmer problem

Theorem 2.9. Zhefeng Xu and Tianping Zhang, 2013.

Let ¢ > 2 be an odd integer and a coprime to g. Then for any positive
integer k with (¢, k(k + 1)) = 1, we have the asymptotic formula

¢k q 2 k "
N1 (a,k,q) = ngrz) ) <2k +364+205 4(g) (262 ) (@) |+ q) ‘

O]

We also showed the error term in Theorem 2.9 is close to the best possible
by studying the mean square value of the error term for the case ¢ = p®.
For m > 0, the error term in Theorem 2.7 is not the best possible.

v
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2. D. H. Lehmer problem

In 2015, to improve the related results in Theorem 2.7, Tianping Zhang
and Zhefeng Xu studied a more general mean value. Let a,k,w,q,n
defined as above, for positive integer t with ¢ < k, define

[Alq P\2q [)\k+1q

N(a’k+1vt7w7Q7 ZZ Z "bt_btJrl"'bk-i-l)m
b1=1b2=1 bry1=1
b1ba--brr1=a( mod q)

2t(b1+bo+-++bg41)
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2. D. H. Lehmer problem

Theorem 2.10. Tianping Zhang and Zhefeng Xu, 2015.

For any positive integer m, we have the asymptotic formulae

N(a,k+1,t,w,q,m)

A (q)q™ + O (¢~ 5d%(q) Ing) | if > kL
= (B (@gm*H +0 (qm(’“’”l)*’“*%d?(Q) In q) , i t< ERL
D¢*(q)g™ + O <2mqmt+k‘%d2(Q) In q) : if =kt

where
A= (>\1"'>\t)m+1(>\t+1~">\k+1)
= 2(m+1)t ;

(D™ A An) Aegr - Apgr) ™
2(m+1)k—t+1 )

D =57 an 1 j()\l...)\t)m—j+l(
220 Om(=1) 2((m—j+1)(j+1))

B =

A1 Apgr)i !

k+1
2
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2. D. H. Lehmer problem

Suppose there exist at least one j with 1 < j <k + 1 such that \; =1,
some stronger error terms can be obtained for N(a,k + 1,t,w,q,m)

Theorem 2.11. Tianping Zhang and Zhefeng Xu, 2015.

For any nonnegative integer m, we have

N(a7 k + ]‘7t7 W7 q’ m)

t k+1
1
= = H om( A, Q) H o0(Mv,q) + O <q2k+(m—2)t+1>
u=1 v=t+1
v#£j
k+1
+0 (qmt+§dk+1(q) In*+1 q) if % <t<j,
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2. D. H. Lehmer problem

N(a,k+1,t,w,q,m)

(om i ke k
= 9 H O'O()\u, CI) H O'm()\v’ q) +0 <qm(k—t+1)+§)
“;1. v=t+1
u#j
+0 <qm(k—t+1)+2t—1> " Py k —2F 1’
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2. D. H. Lehmer problem

and
N(a7k+ 1,t,W,q,m)
k41
2 k+1
(k+1)
HUm()\an) H ( v7q) (Zsk( )
u=1 v=Fk+3
2
v
+0 <2mqm(k+1)+k—fd2( )ln q> if t = % < 7J,
u™ (g)
rere om () = 3 = LD g () :
where o l Z —— = U
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3. Integer and its m-th power mod n

In this section, we consider a similar problem which concerned the
distribution of the difference between an integer and its m-th power
modulo n over incomplete intervals, where m > 2 be an integer.

Let A\, 9 be any real numbers with 0 < A\, 0 < 1. For any integer a, denote
by (a), the integer b with 1 < b < n such that b = a (mod n). Define

Smnrs =1a:1<a<An,(a,n)=1,la—(a™),] < on}.
Under this symbol, Theorem 1.3 can be written as
#0116 = 0(2 = )6(n) + O (n¥d(n) In’n) .

YiFor any nonnegative real number k, we studied asymptotic
distribution for the quantity

S o=@l

aesm,n,)\,(;
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3. Integer and its m-th power mod n

Theorem 3.1. Zhefeng Xu, 2013.

Let A, 0,n, m, k be defined as above and P the parallelogram with vertices
(0,=6), (A, A—90), (A\,\+9) and (0,9), then we have the asymptotic

formula
k

ﬁ 3 ’a_(am)n

n
aesmn A6

w(n)-l—% 3
// :U—y|kd:ndy+05>\k m Vvnd(n)In®n ,
¢(n)
PN[0,1]?

where w(n) denotes the number of different prime factors of n. O
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3. Integer and its m-th power mod n

Remark 3.2.

In fact, one can easily get the exact value of the double integration in our
theorem as follows

// |z — y|*dady

PN[0,1]2
<k2_$1 k+2>5k+1 ifA+d6<landd < \;
.&%%%%§27 ifA+6<1landd>\
B (k+2)(1+A>6k+(;—+21()7~z:i>2§’““—<1—A>’““, if A\ >1andd <\
(et 200 D =0 if A 6> 1 and § > A,
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3. Integer and its m-th power mod n

As an example, we take m =2, A =1, k=1 and n = p a prime. Then we
get a distribution formula for the difference between an integer and its
square modulo p as following

Corollary 3.3.

Let 6 € (0, 1] be real constant and p > [5] a prime. Then we have the
asymptotic formula

S o=@l = (-5 4 05 (phup).

a€S2,p,1,5
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3. Integer and its m-th power mod n

Specially, taking k = 0 in Theorem 3.1, we get an asymptotic formula for
the cardinality of S,;, ,, x5 in following

Corollary 3.4.

#Smmnae = ¢(n)Apno,2 + Osx (m‘“(")+%n%d(n) In? n) ,

where Apo,1)2 denotes the area of P ([0, 1]2, and one can easily get

220 — & if A +d<landd<A;

Ap o = A+ 2 2 ifA\+6<1andd> )\
’ (1+2)F—02 = LA if A4 >1and § <\

§+ A — &4 if \+6>1andd> A\

Ol

v
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3. Integer and its m-th power mod n

The following corollary gives some limit formulas:

Corollary 3.5.

.. 1 1_
Let € be any positive constant. Then for m“(™+3 <« n3~¢, we have the
limits

. Ha:1<a< A, (a,n) =1,la— (a™),] < dn
i { ( ¢>()n) . }:APO[O,IP-

For the special case A = 1, there holds

1< = — (@),
lim #{a:1<a<n,(a,n)=1,la (a)|<(5n}:

n—00 ¢(n)

5(2 - 5).
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3. Integer and its m-th power mod n

Note.

Our Theorem 3.1 is nontrivial for m“’("H% < n%*E, here € denotes a
arbitrary small positive number. So one can not obtain a corresponding
result for the case m = ¢(n) — 1 from Theorem 3.1 due to an upper
bound estimation of the two-term exponential sum,

pe mpz, otherwise

r=1

ptz

i (amm—i—bx) <{mpg+%, if m=p>2a>3and pl|b;
e\ ————— = Y

with p 1 (a,b) and o > 1, which was used in the proof of Theorem 3.1. To
improve the error term, we need a better bound for the two-term
exponential sums. Of course, one can get a corresponding result for the
case m = ¢(n) — 1 by using the bound for Kloosterman sums.
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3. Integer and its m-th power mod n

Y4 In 2011, for any integer m, J. Bourgain, T. Cochrane, J. Paulhus,
and C. Pinner studied a general Lehmer problem about the parity of an
integer and its m-th power modulo an odd prime p. Let £ and O be the
set of even and odd residues modulo p respectively,

E:{274767'”7p_1}7 02{1,375,7])_2}
For any integer ¢ with p { ¢ they defined

Np(c)=#{z € E:ca™ € O}

and

Zhefeng Xu (Northwest University)
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3. Integer and its m-th power mod n

and

Theorem 3.6. J. Bourgain, T. Cochrane, J. Paulhus, and C. Pinner,
2011.

’Nm(c) _ {z" < %(I)’(m) min {m (%) ,ln(5p)}

and
S if m is even;

®'(m){ 2 , o
< 5®(m) + - In(5p)@(m, 1), if m is odd.
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Distribution of the difference of an integer and its m-th

power mod n

" Now we consider the integer and its m-th power modulo n which are
of opposite parity. We call this kind of integer the generalized D. H.
Lehmer number. Our main purpose is to study the asymptotic properties
of the higher power mean of difference between a generalized D. H. Lehmer
number and its m-th power modulo n. Let A € (0, 1] be any real constant,
n > [ﬂ and m > 2 be integers. For any nonnegative integer k, define

[An]

/
Ex(A\,m;n) = Z la — (am)n|k.
a=1

2f(a+(am),,)
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Distribution of the difference of an integer and its m-th

power mod n

By using the similar methods as proving Theorem 3.1, we proved the
following result:

Theorem 3.7. Zhefeng Xu, 2015.

Let A\, n, m defined as above. For any fixed nonnegative integer k, we have
the asymptotic formula

_ o ¢(n)n”
Er(\,m;n) = (1 + A2 (1 A)HQ) (2k + 2)(k + 2)

+O0x (nk+%m“’(")+%d(n) In? n) .

Oct. 13, 2015 40 / 46
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Distribution of the difference of an integer and its m-th

power mod n

Taking A = 1, we get the following
Corollary 3.8.

For any fixed nonnegative integer k, we have the asymptotic formula

n

S Ja— (@),

a=1
2(at(@m),)

(n)n*

k+1  w(n)++1 In2
—(k+1)(k+2)+0k (n 2m 2d(n)In n)
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Distribution of the difference of an integer and its m-th

power mod n

For concise, taking k =1, n = p an odd prime, and A = % we can get the
following result:

Corollary 3.9.

For any odd prime p and integer m > 2, we have

> |- G0 (miuty).
2+(ai(:a1m)p)
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Distribution of the difference of an integer and its m-th

power mod n

Taking k = 0 in Theorem 1, we can get following distribution of the
number of the generalized D. H. Lehmer number in the interval [1, [An]] :

Corollary 3.10.

.. 1 1_
Let € be any positive constant. Then for m“(™+3 < n3~¢, we have the
limits

e #{a 11<a< )\n7 (aan) = 1,21’(&4— (am)n)}
1
= Z(1+A2—(1—A)2).

Zhefeng Xu (Northwest University) Integer and its m-th power mod n Oct. 13, 2015 43 / 46



Distribution of the difference of an integer and its m-th

power mod n

€

Because Theorem 3.7 is nontrivial for m*(™ < nz~ , SO

obtain the corresponding result for the case m = ¢(n) —

we can not
1, the case of the

classical D. H. Lehmer number, from Theorem 3.7 directly. For the case
m = ¢(n) — 1, by using the same method of proving Theorem 3.7 and the

estimation for Kloosterman sum

iy aT + bx
()

z=1

< n3d(n)(a,b,n)?

we can get the following result:

)
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Distribution of the difference of an integer and its m-th
power mod n

Theorem 3.11. Zhefeng Xu , 2015.

For any real constants A € (0, 1], let n > [%] be an odd integer. Then for
any fixed nonnegative integer k, there holds

X k k2 k2 p(n)nF
; o —al" = (H"\ —(1=A) )(2k+2)(k+2)
2H(ata)

+O0\ (nkJr%dQ(n) In? n) .
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